Introduction
Swimming microorganisms are important to many industrial and natural processes including the production of biofuels from algae, fermentation for vaccine and food production, and bio-mixing in oceans. Recently, there has been a resurgence of interest in the motility of microorganisms for technological applications that include micro-and nano-robotics [1] [2] [3] , drug delivery [4, 5] and cell manipulation [6, 7] . While most of our current understanding of microorganism swimming is drawn from investigations in Newtonian fluids (e.g. water), many important biological processes occur in fluids that contain polymers and/or other solids, which introduce non-Newtonian properties to the fluid such as shear-thinning viscosity and elasticity. Examples include the swimming of flagellated sperm cells in cervical mucus during fertilization [8, 9] , motility of pathogens through tissues and stomach lining [10] , and burrowing of worms in wet soil [11] . Importantly, the fluid rheological properties can significantly affect the motility kinematics of microorganisms [12] [13] [14] [15] .
Locomotion of microorganisms in viscoelastic fluids has received much recent attention due to its prevalence in biological processes [13, [16] [17] [18] [19] [20] . Recent results highlight the challenges in understanding the effects of fluid elasticity on swimming. For example, simulations of two-dimensional finite-sized waving filaments [18, 20] and rotating helices [21] suggest that fluid elasticity may increase propulsion speed. Similar trends are found in experiments with mechanically actuated rotating helices [22] , magnetically driven physical models of undulatory swimmers [23] , and Escherichia coli in polymeric solutions [14, 24] . On the other hand, theoretical analysis of two-dimensional, infinitely long waving sheets and filaments [13, 17, 25] as well as numerical simulations of idealized swimmers in viscoelastic fluids [19] show a reduction in propulsion speed compared with purely viscous fluids. These predictions are consistent with experiments with the undulating worm Caenorhabditis elegans [16] and with the green alga Chlamydomonas reinhardtii [15] . Moreover, these experiments show that fluid elasticity significantly modifies the organism's stroke kinematics such as the worm's swimming amplitude and the alga's flagellum beating frequency. The intricate relationship between fluid elasticity and swimming speed is difficult to understand from just experimental data because it is challenging to decouple fluid effects from the microorganism's swimming stroke kinematics.
In this paper, we investigate the effects of fluid elasticity and flagellar kinematics on the motility of the green alga C. reinhardtii using numerical simulations and experimental data. The eukaryotic biflagellated alga C. reinhardtii is a model organism found in soil and fresh water [26] . It is widely used in studies of ciliary kinematics and motility since its two flagella (approx. 10 mm in length) have the same conserved '9 þ 2' microtubule arrangement seen in eukaryotic axonemes and respiratory cilia [27] . The algal cell swims using cyclical breast-stroke patterns with asymmetric power and recovery strokes [26, 28] , and generates far-field flows that have been recently characterized in experiments [29, 30] .
In [15] , we investigated C. reinhardtii swimming and flagellar kinematics in fluids of different viscosity and elasticity, and we showed that the flagellar beat changed both shape and frequency in response to changes in fluid rheology. From our experimental data alone we cannot infer the mechanism behind the observed changes in swimming speed in response to fluid rheology because of the changes in gait. One way to address this difficulty is to perform numerical simulations of swimming C. reinhardtii using experimentally derived swimming gaits (or strokes), which can then be investigated in fluids of varying elasticity. Here, we focus on two particular strokes from [15] that have the same beating frequency, but one from a cell in a Newtonian fluid and the other from a cell in a viscoelastic fluid of the same viscosity. Thus, the only differences between these datasets are the elasticity of the fluid and the shape of the flagellar beat. We perform three-dimensional numerical simulations based on these two gaits, and we decouple the alga's flagellar gait from the fluid rheology by varying them independently in an effort to understand how fluid elasticity affects swimming.
We find that, as the organism swims in viscoelastic fluids, elastic stress accumulates at the distal tip of the flagella and the size of the elastic stress is larger during the return stroke than during the power stroke. These elastic stresses result in an elastic memory effect that propels the cell even when the flagella stop moving. This memory effect together with the larger accumulation of elastic stresses in the return stroke leads to a decrease in net forward speed, a trend observed in experiments [15] . We posit that the orientation of the flagella tips is the main contributor to the temporal asymmetry in accumulation of elastic stresses in the fluid, which is supported by simulations of a thin cylinder with different orientations moving in viscoelastic fluids. Surprisingly, we find that in viscoelastic fluids a cylinder moving along its axis generates larger fluid (elastic) stresses than a cylinder moving orthogonal to its axis; the opposite is true for viscous Newtonian fluids.
Model: stroke kinematics and fluid system
Experiments with C. reinhardtii in viscoelastic fluids were performed using dilute polymeric solutions [15] , which were prepared by dissolving small amounts of a high molecular weight (MW) flexible polymer (polyacrylamide, 18 Â 10 6 MW) in M1 buffer solution. The polymer concentration in solution ranged from 5 to 80 ppm, resulting in fluid relaxation times that ranged from 6 ms to 0.12 s, respectively. The low polymer concentration minimized the effects of shear-thinning viscosity while the high MW of the polymer introduced elasticity in the fluid. Motile algae were then suspended in viscoelastic (and Newtonian) fluids. A small volume of this suspension was stretched to form a thin film (thickness 20 mm) using a wireframe device. The motion of freely swimming C. reinhardtii and its swimming strokes were imaged in the thin film using an optical microscope and a high-speed camera. Results in Newtonian fluids (figure 1a) show the well-known power and recovery strokes that are characteristic of swimming C. reinhardtii [26, 28] . Note that the beating form is mostly planar, which is confirmed by measuring the length of flagellum and the cell body rotation. Experiments in which the flagellum length deviated by more than 10% of its original size and/or significant body rotation was observed were discarded. More details on fluid preparation, rheology and experimental methods are available in [15] . We used a three-dimensional computational model of the C. reinhardtii cell swimming in both Newtonian and viscoelastic fluids. Other theoretical studies of C. reinhardtii have been performed using both idealized strokes [31, 32] and strokes based on experimental data [33] , although the focus was on Newtonian fluids while the present study focused on viscoelasticity. Our approach and method of fitting to data are similar to [33] . The swimmer body is ellipsoidal with two symmetric flagella that execute a planar stroke in the midplane of the body. The kinematics of the stroke are prescribed, independent of the fluid rheology, and they are based on our experimental measurements of the flagellar kinematics in fluids with different rheologies [15] . Our model 'Newtonian stroke' is based on the kinematic data from about seven cycles of a single representative swimmer in a Newtonian fluid with viscosity 2.6 cP. The model 'viscoelastic stroke' is based on the kinematic data from about seven cycles of a single representative swimmer in a polymeric solution with similar viscosity (2.5 cP) and relaxation time corresponding to a Deborah number De ¼ l/T ¼ 2. The Deborah number is used to quantify the effects of elasticity and is defined as the ratio of the fluid relaxation time l to the period of the stroke T; note that De ¼ 0 for Newtonian fluids.
We generate a model planar stroke by fitting the experimental data of the positions of the flagella from each stroke pattern to a system of model functions of the form
and X 3 (t, s) ¼ 0:
ð2:1Þ
Here X 1 , X 2 and X 3 are the Cartesian components of the flagellum's location X, t is time and s is the arclength coordinate on each flagellum. The Fourier transform of the experimental shape data shows a strong peak at one frequency, and hence we fit the data using a single mode. The mean value M i (s), rsif.royalsocietypublishing.org J. R. Soc. Interface 14: 20170289 amplitude A i (s) and phase f i (s) are generated using cubic spline interpolation. In figure 1 , we show both the raw data (consisting of almost seven full cycles) and single period of the model stroke sampled at a high time rate for each stroke, highlighting the power (in blue) and return (in red) strokes. The experimental data and the values of M i (s), A i (s) and f i (s) used to construct the splines are available from [34] . For more details about the fitting procedure, see the electronic supplementary material. We use Lagrangian coordinates to describe the swimmer's position, velocity and forces, and Eulerian coordinates to describe the fluid velocity, stress and pressure. We use ideas from the immersed boundary method to couple the Eulerian and Lagrangian variables [35] . The shape of the swimmer is prescribed in a fixed body frame. In the laboratory frame, the position is given by X ¼ X P (s, t) þ X 0 (t), where X 0 (t) is the translation of the origin in the body frame. The velocity of the swimmer is @ t X ¼ U p þ U T , where U p is the prescribed velocity in the body frame and U T is the translational velocity of the swimmer. Given the current position of the swimmer and the prescribed velocity in the laboratory frame, we simultaneously solve for the fluid velocity and the translational velocity of the swimmer. The cell body is taken as an ellipsoid with diameters 10 mm, 10 mm and 12 mm, the longer axis being aligned with the swimming direction. The flagellum length of C. reinhardtii is typically between 10 and 14 mm. Owing to the variance of individuals used in experiments, each experimental dataset contains the kinematics of a flagellum with a slightly different length. In order to make a fair comparison in the model, we rescale the length of our model strokes so that each model stroke has an identical flagellum length. We pick the average arc length throughout a stroke period of our model viscoelastic stroke with De ¼ 2, which is 12.5 mm, as a 'standard length', and then rescale all other model strokes so that each of them has the same average arc length.
The fluid is described by the Stokes equations with the addition of a polymer stress tensor, t p , to account for the viscoelastic stresses
where u is the fluid velocity, p is the fluid pressure and h s is the solvent viscosity. The external force density, f, is used to enforce the prescribed shape of the swimmer. As mentioned above, the experimentally derived 'Newtonian' and 'viscoelastic' strokes are obtained in fluids of similar viscosity (2.6 versus 2.5 cP) and the main difference is the fluid elastic stresses present in the viscoelastic experiments (De ¼ 2). Here, we use the Oldroyd-B model [36] , which is a relatively simple nonlinear constitutive model widely used to simulate viscoelastic flows. We note that the Oldroyd-B model has constant viscosity, while the fluids from our experiments show a small amount of shear thinning as described in [15] . Our intention is not to match the rheology from the experiments exactly, but rather isolate and investigate the effects of elasticity on the swimming behaviour of C. reinhardtii. The Oldroyd-B model can be derived from a description of the polymers as dumbbells connected by linear springs. The fluid flow stretches the polymers, giving a memory of past deformations which then relaxes on some characteristic time scale. The deformation of the polymers feeds back on the fluid through a macroscopic extra stress tensor, or polymer stress tensor, given by an average of distribution of polymer configurations. In the Oldroyd-B model the polymer stress tensor is related to a conformation tensor, s, describing the average distribution and orientation of polymers where h p is the polymer viscosity and l is the fluid relaxation time. The conformation tensor evolves according to
A numerical regularization term, 1Ds, is added [37, 38] where 1/(Dx) 2 for grid spacing Dx; thus in the limit Dx ! 0 this regularized model converges to the Oldroyd-B model. The elastic strain energy density is the trace of the stress tensor, Tr(t p ).
Full details of the model equations and numerical methods, including validation, are given in appendix A.
Dissecting the effects of fluid elasticity and stroke
In biological experiments, the cell's swimming stroke changes in response to changes in fluid rheology, which makes it difficult to interpret and use experimental data alone to understand the role of fluid elasticity in swimming. Here, the relative roles of swimming stroke and fluid rheology are isolated by varying them separately using simulations and experimental data. We begin by extracting the cell's swimming strokes from experiments in Newtonian and viscoelastic fluids (figure 1). Cells with these different swimming strokes are then investigated in fluids in which the polymer relaxation time l, and, consequently, the Deborah number De ¼ l/T, is systematically varied with the stroke period T held fixed.
Elastic stress and swimming speed during a single stroke
Fluid elastic (polymeric) stresses are an important quantity that is difficult to obtain in experiments, but can be resolved in simulations. In this section, we use the viscoelastic stroke (figure 1d) obtained from experiments and vary the fluid relaxation time l and consequently De in simulations. In figure 2a , we show snapshots of the fluid strain energy density in the central swimming plane at De ¼ 2 (the Deborah number of the experiment from which this stroke was derived). The strain energy density is the trace of the elastic stress tensor and it gives a measure of the size of the elastic stress. It is notable that high stress is concentrated only near the distal tips of the rsif.royalsocietypublishing.org J. R. Soc. Interface 14: 20170289 flagella, contrary to the conjecture in [15] that high-stress regions develop near both ends of the flagella as well as near the body. The flagellar tips are travelling three to four times faster than the cell body (see the electronic supplementary material), but this speed difference alone cannot account for the orders of magnitude difference in elastic stress found near the flagellar tips and the cell body.
In figure 2b , we show the time course of the spatially averaged strain energy density throughout the entire stroke for different Deborah numbers. The elastic stress is generally lower during the power stroke than during the return stroke for all Deborah numbers. The lowest stresses occur near the middle of the power stroke, and the highest stresses occur towards the end of the return stroke. The magnitude of the stress increases monotonically with Deborah number (figure 2c).
Next, we investigate the effects of accumulated stresses on the cell propulsion speed. The velocity of the swimmer over the course of a complete stroke is shown in figure 2d for different Deborah numbers. We see that fluid elasticity boosts the speed of both the power and return strokes and produces a phase shift in which the peak velocities occur later in time. The size of the boosts and the extent of the phase shifts both increase with De. The speed of the return stroke as the cell moves backwards is boosted to a greater extent than the speed of the power stroke when the cell is moving forwards.
We conjecture that the accumulated fluid elastic stress is primarily responsible for the speed boost, which is supported by the observation of larger elastic stress and larger speed enhancements during the return stroke. An elastic slowdown in the net swimming speed results from the fact that the return stroke experiences a stronger speed boost (going backwards) than the power stroke (figure 2d), and as De increases the size of the speed enhancements increases.
Comparing Newtonian and viscoelastic strokes
Next we compare the swimming performance of the viscoelastic stroke with that of the Newtonian stroke (figure 1b) using model fluids that range from De ¼ 0 (Newtonian) to De ¼ 2. The results of the previous section (spatial-temporal stress distributions and effect of elasticity on swimming speed) do not change qualitatively when the Newtonian stroke is used in place of the viscoelastic stroke (see the electronic supplementary material). Here, we examine time-averaged quantities to assess the swimming performance of the two strokes. The Newtonian stroke yields swimming speeds 60% faster than those of the viscoelastic stroke (figure 3a), but both speeds decrease with increasing Deborah number at about the same rate, which is evident after normalizing by the De ¼ 0 (i.e. Newtonian) swimming speed (figure 3b). Also shown in this figure are figure 3c ) increases much more substantially with increasing elasticity for the Newtonian stroke than for the viscoelastic stroke. Comparing the results for De ¼ 2 with those for De ¼ 0, we see the Newtonian stroke uses over twice as much power, while the increase from the viscoelastic stroke is only approximately 50%.
We compute the instantaneous power output by integrating F . U over the swimmer body and flagella, where U is the pointwise velocity of the swimmer and F is the force density on the swimmer body and flagella. The power consumption reported in figure 3c is the average power in one period. A similar mechanical measurement of the average power output per period was reported in [29] to be approximately 5 fW based on two-dimensional measurements of the fluid flows in the swimmer's midplane with a resolution of 3 mm. We attribute our higher power estimate to the fact that it involves the full three-dimensional flow field with submicrometre spatial resolution. [40] . Figure 3d shows the swimming efficiency, quantified as the ratio of average speed to average power (distance travelled per energy dissipated), for both strokes. We note that this measure of efficiency is different from the typical measure for microorganism locomotion in viscous fluids, which is the ratio of the power needed to drag the body at the average swimming speed to the power dissipated during swimming [41] . For viscoelastic fluids, the drag force is a nonlinear function of the velocity and it depends on the time history of the motion. Thus, it is not clear that normalizing by the power needed for steady motion is appropriate, and so we use the dimensional distance per energy dissipated. In a Newtonian fluid (De ¼ 0), the two strokes have comparable efficiencies. Both strokes result in lower efficiency as fluid elasticity increases, but the greater increase in power needed to maintain the Newtonian stroke with increasing elasticity (figure 3c) leads to less efficient swimming in a viscoelastic fluid.
We also find that the Newtonian stroke induces higher elastic stress, as shown in figure 3e-g. These elevated stresses are responsible for the larger power needed by the swimmers using the Newtonian stroke. In the presence of fluid elasticity, the cell requires more power to maintain a fixed stroke, suggesting that the swimmer may change its stroke to the fluid properties based on energy availability. In particular, we note from figure 3c that it requires a similar amount of power to maintain the Newtonian stroke at De ¼ 0 as the viscoelastic stroke at De ¼ 2 (the stroke was based on experiments at De ¼ 2).
Mechanisms of asymmetric speed enhancements
Our simulations revealed that the stress accumulated during the return stroke is higher than the stress accumulated during the power stroke. Similarly, elasticity led to a larger enhancement of the swimming speed during the return stroke than during the power stroke. These observations motivate two questions. (i) How are the accumulated stresses related to speed enhancements? (ii) Why is there an asymmetric stress response on power and return?
Speed enhancements from fluid memory
In our computational model, if the shape of the swimmer is suddenly fixed, the cell stops moving instantaneously in a Newtonian fluid (at zero Reynolds number) because the motion of the fluid and the translation of the cell are driven entirely by the changing shape of the flagella as all forces are equilibrated instantaneously. In a viscoelastic fluid, however, once the shape of the flagella is suddenly fixed, the swimmer continues to translate because as the accumulated elastic stresses relax they drive a flow. In figure 4a ,b, we show the resulting velocity fields from the accumulated stress alone when the swimmer shape is suddenly fixed at its peak power and peak return strokes, respectively, at De ¼ 2 for the viscoelastic stroke. The swimmer continues to move in the direction it was travelling when the stroke was frozen.
We quantify the effect of the accumulated elastic stress on the swimming speed by recording the initial coasting velocity (the initial velocity of the swimmer after the stroke is frozen) as a function of the stroke phase for a range of De, as shown in figure 4c . We find that increasing fluid memory (larger De) leads to larger initial coasting velocities, and the peak initial coasting velocity is 30-35% higher during the return stroke at De ¼ 2.
In figure 4d , we plot the speed boost measured in our simulations (given by the difference between Newtonian and viscoelastic peak power or return velocities, as seen in figure 2d ) together with the peak values of initial coasting velocity as a function of De. These two quantities show a similar dependence on De that strongly suggests that the accumulated stress is a significant factor in the speed boost. Further, from figure 2d, we see that the peak power and return enhancements occur with a time lag (phase shift) from the peak velocities in the Newtonian fluid, indicating that, as the stroke is beginning to slow down, fluid elasticity is continuing to accelerate the swimmer. Both this effective acceleration and the tendency of the swimmer to continue to move when the flagellar motion is suddenly stopped are the result of the accumulated elastic stress which provides an elastic memory effect.
Flagellar tip orientation and elastic stress
It is well known that net translation in a Newtonian fluid at zero Reynolds number requires non-reciprocal motion [42] . Much of our intuition regarding flagellated swimmers is based on the idea of resistive force theory (RFT) [43, 44] . RFT relates the force and velocity on a segment of the flagellum by treating it as a locally straight cylinder and ignoring the long-range hydrodynamic interactions. The fundamental idea behind this theory is that organisms generate net motion by exploiting the fact that in a Newtonian fluid it requires less force to drag a long, thin cylinder along its axis than perpendicular to its axis [45] .
In figure 5a,d we plot the flagellum shapes from the Newtonian and viscoelastic strokes, respectively, with the distal tip highlighted, and in figure 5b,e we plot the angle of the tip relative to the swimming direction. It is clear that the tip orientation during the power stroke is less aligned with the direction of motion than during the return stroke. This temporal asymmetry of the orientation of this segment of the flagellum generates more force, and thus velocity, during the power stroke than during the return stroke in a Newtonian fluid. Of course, the rsif.royalsocietypublishing.org J. R. Soc. Interface 14: 20170289 difference in shape of the entire flagellum during the return stroke and power stroke is responsible for generating motion, but we focus on the tip because that is where the large elastic stresses concentrate. Returning to figure 2, we observed that higher elastic stress is accumulated when the flagellar tip is oriented tangential to the direction of motion in the return stroke than when oriented normal to the direction of motion in the power stroke. This temporal asymmetry in elastic stress and the resultant speed boosts work against the advantages obtained by the breast-stroke motion, and are contrary to the expectations based on viscous fluid theory.
In order to gain insight into the effects of flagellar tip orientation in a viscoelastic fluid on swimming, we simulate a thin cylindrical rod travelling at a constant velocity both tangential and normal to its long axis and measure the elastic stress as a function of fluid elasticity. We use a rod length of 8 mm, and drag it at a constant velocity of 100 mm s 21 (characteristic lengths and speeds of a free swimming alga) until the elastic stress is equilibrated. To characterize the strength of elasticity, we define a dimensionless Weissenberg number for this problem as Wi ¼ lU 1 /L, where l is the polymer relaxation time, U 1 is the velocity of the rod and L is the length of the rod. The elastic strain energy density for a rod that is tangential and normal to a viscoelastic flow at Wi ¼ 7.5 is shown in figure 6a ,b, respectively. A region of very high elastic stress is found near the trailing tip of the rod moving in the tangential direction, while lower elastic stress is found near the rod moving in the normal direction. In figure 6c , we examine how the elastic stress in each orientation depends on Wi, and we find that the difference between the size of the elastic stresses between the two rod orientations grows with increasing fluid elasticity. Viscous stress and elastic stress have significantly different trends as the Weissenberg number increases (figure 6d). The viscous stress ratio (tangential to normal) is always less than 1, which agrees qualitatively with what we expect from viscous fluid theory, but the elastic stress ratio increases with Wi, and for sufficiently large Wi this ratio is larger than 1. Thus, the orientation asymmetry between power and return strokes, which enables swimming in viscous fluids, can induce higher fluid elastic stress and potentially hinder swimming in strongly elastic flows.
The orientation of the flagella during swimming changes continually throughout the stroke, and because viscoelastic stress is not instantaneously equilibrated the steady-state relationship between elastic stress and orientation does not completely explain elastic stress development during swimming. In figure 6e , we show how the elastic stress grows in time starting from rest at Wi ¼ 7.5, and even on time scales below the relaxation time the elastic stress is larger for rods moving in the tangential direction than for rods moving in the normal direction. We conjecture that the difference in orientation of the tips of the flagella on power and return strokes contributes substantially to the higher elastic stress observed during the return stroke, and the fact that this effect is heightened for larger Wi also agrees well with the observed increase in peak elasticity as De increases in figure 2d. This conjecture is further supported by comparing tip motion in the Newtonian and viscoelastic strokes in figure 5 ; the tip of the Newtonian stroke is more aligned to the direction of motion, the amplitude of 
Discussion
Swimming microorganisms change their gait in response to changes in fluid rheology, which makes it difficult to understand the effects of fluid elasticity on swimming based on experimental measurements alone. Using our three-dimensional computational model with experimentally derived kinematics of swimmers in fluids with rheologies that are comparable to those used in our experiments, we separate the two effects and provide new insight into how fluid elasticity affects flagellated swimmers. By fixing the stroke and varying the fluid elasticity, we observed both the power and return stroke velocity increase with elasticity, but the speed on the return stroke was boosted to a greater extent, leading to a net slow-down in swimming speed (figure 2d). This trend is different from the experimental results from [15] , in which the power stroke speed appeared to be retarded by elasticity until a very high Deborah number, and the return stroke was enhanced only for De . 2. We attribute the difference in observations to the fact that in the experiments the stroke changes as the fluid elasticity changes. Using the computational model, we showed that the viscoelastic stroke itself leads to slower swimming than the Newtonian stroke in fluids with the same rheology. Thus the changes from elasticity in speed during the power and return strokes that we measured experimentally were the sum of two competing effects of a slow-down due to changing stroke and a speed-up from the development of elastic stress. By comparing the swimming performances of a Newtonian and a viscoelastic stroke pattern in different fluids, we address whether the changes in gait that occur with rheology offer any advantage. We note that both strokes are similar to the predicted optimally efficient stroke in a Newtonian fluid [46] . Cells using the Newtonian stroke swim faster in all fluids. However, this higher speed comes at a cost as it requires rsif.royalsocietypublishing.org J. R. Soc. Interface 14: 20170289 more mechanical energy to maintain than the viscoelastic stroke as fluid elasticity increases. Thus the viscoelastic stroke is more efficient (measured as distance per energy dissipated) in fluids with high elasticity. It is notable that it requires a similar amount of power to maintain the Newtonian stroke at De ¼ 0 as the viscoelastic stroke at De ¼ 2, as shown in figure 3b (the stroke was based on experiments at De ¼ 2). The value of the average power we obtain in these two cases is on a par with the energy usage by the organism as measured by ATP consumption [40] . These results suggest that the viscoelastic gait may result from the power limitations. The change to the gait in response to fluid elasticity yields more efficient swimming in viscoelastic fluids, although we note that Chlamydomonas do not swim in viscoelastic fluids in their natural environment. However, given the conserved internal structure of the eukaryotic axoneme, these results may be related to why similarly flagellated cells such as spermatozoa exhibit qualitatively different beat patterns in Newtonian and viscoelastic fluids [12] .
It is difficult to measure the elastic stress in experiments [16, 22, 23] , but it is essential to know what the elastic stresses are to interpret experimental observations. In [15] , based on measured changes in flagellar kinematics with elasticity and previously measured flow fields from [29] , we conjectured that elastic stresses accumulated near both the distal and proximal ends of the flagella and near the body, but our experiments alone did not give us the means to test this conjecture. One of the major results of the present study is that the elastic stresses concentrate only near the distal tips of flagella at all phases of a swimming stroke, and the stress accumulated on the return stroke is higher than the stress accumulated during the power stroke. These large tip stresses are reminiscent of those reported in previous two-dimensional computational studies of undulatory swimmers [18, 20, 47, 48] , but to date the effects of localized elastic stress on swimming performances are poorly understood.
The initial coasting velocity provides a quantification of the effect of the large elastic stresses on the swimming speed. We observed that the initial coasting velocity and speed enhancement of the power and return strokes follow the same increasing trend in fluid elasticity. These accumulated stresses provide an elastic memory effect that continues to increase the speed even as the speed of the stroke begins to decrease. This elastic memory effect together with the temporal asymmetry of the larger stresses on the return stroke lead to an overall slow-down in swimming as the elasticity is increased for a fixed stroke.
We conjecture that the asymmetry of the orientation of flagellar tips between the power and return stroke leads to the higher elastic stress in the return stroke (figure 6), which is supported by our simulations and analysis (see the electronic supplementary material) of a thin cylinder moving in viscoelastic fluids with different orientations. Our results reveal a fundamental difference between viscous and elastic effects in the relationship between orientation and stress. In a Newtonian fluid, the larger viscous stress associated with motion normal to the cylinder axis compared with motion tangential to the cylinder axis is essential to gaining net displacement for flagellated swimmers. In viscoelastic fluids, however, this stress asymmetry is reversed, which leads to the higher elastic stress accumulation during the return stroke compared with the power stroke, causing a decrease in overall swimming speed.
The orientation-dependent elastic stress asymmetry is likely to be important in understanding other microorganism motility and flagellar motion in complex fluids. It is difficult, however, to generalize from one organism to another as it rsif.royalsocietypublishing.org J. R. Soc. Interface 14: 20170289 has been shown that the effect of fluid elasticity on swimming speed is gait dependent [20, 49, 50] . The particular motion studied here has similarities to pulmonary cilia, which beat in a layered fluid consisting of the periciliary liquid surrounding the base of the cilia and a mucus layer on top which is more viscous and strongly elastic [51, 52] . Cilia extend into the mucus layer during the power stroke, but recoil to stay within the watery liquid layer during the return stroke. While it is not surprising that this asymmetry would be beneficial for transport, our results suggest that ducking the more elastic mucus on the return stroke is essential to avoid large elastic stress that works against transport. Finally, we note that, while the present study focuses on purely elastic effects using the Oldroyd-B model, complex fluids often display rate-dependent rheological properties which are not captured by the model. Nevertheless, it is known that large stresses still accumulate in regions of high stretching (and gradients) even in models with these additional nonlinearities [53] [54] [55] [56] , and the qualitative results showing both the concentration of elastic stress at tips as well as asymmetric accumulation that depends on tip orientation are not expected to change.
Data accessibility. This article has no additional data.
In this section, we describe our numerical formulation to solve the coupled swimmer-fluid system. Our method is similar to [33] in that the kinematics of the flagellum are prescribed exactly, and the force density and swimming speed are solved for simultaneously. However, in [33] they use the method of regularized Stokeslets [57] , which is similar to boundary integral methods that require the linearity of the Stokes equations and does not generalize to viscoelastic fluids. Because the viscoelastic stress introduces additional body forces distributed throughout the fluid domain, the equations of motion cannot be reduced to integral equations on the swimmer body alone. We use the immersed boundary method [35] , which has been used for simulations of flexible undulatory swimmers in viscoelastic fluids [18, 20, 47, 48] as well as for simulating C. reinhardtii swimming in Newtonian fluids [32] . We use Lagrangian coordinates to describe the swimmer's position, velocity and forces, and Eulerian coordinates to describe the fluid velocity, stress and pressure. We use the framework of the immersed boundary method to compute the Eulerian and Lagrangian variables [35] . Specifically, the force density on the swimmer is related to the force applied to the fluid by
where we use the notation S to denote the spreading operator, which maps Lagrangian variables to Eulerian variables.
Similarly, the adjoint operator S Ã maps the Eulerian fluid velocity to the velocity on the swimmer by
In the discretization of the transfer operators defined in equations (A 1) and (A 2), we use the standard four-point regularized delta function [35] .
In each time step of the simulation, we alternately advance the conformation tensor and the fluid/body system. Given the current fluid velocity field (u), we evolve the conformation tensor (s) according to equation (2.5) , from which we compute the polymer stress tensor (t p ) from (2.4). Given the updated polymer stress tensor and the prescribed velocity of the flagella and cell body in the body frame (U P ), we then simultaneously solve for the fluid velocity (u) and pressure ( p), the translational velocity of the swimmer body (U T ) and fluid forces on the swimmer (F), which satisfy 
where L is the Stokes operator that maps a fluid velocity to the applied forces. After solving this system for the translational velocity and the force on the swimmer, we use these quantities to update the body position in the laboratory frame and the fluid velocity field to complete a time step. The fluid domain is taken as a periodic cube with side lengths 40 mm, which is discretized with 128 points in each direction. Each flagellum is discretized with 27 grid points along its central line, and the body is discretized using a set of minimum energy interpolation points on the sphere [58] , where neighbouring points are approximately equally spaced. We use the Fourier spectral method to discretize the spatial operators. Equations (A 7) and (A 8) are solved using the conjugate gradient method, which is preconditioned using the method of regularized Stokeslets [57] to approximate the mobility operator S Ã L À1 S. Equation (2.5) for the conformation tensor is discretized in time using a CrankNicholson-Adams-Bashforth scheme (AB for the nonlinear terms), with the diffusion coefficient 1 ¼ 8Dx 2 /T, where T is the stroke period and Dx is the mesh spacing. We use a time step Dt ¼ 1 60 ms, and fix the viscosity ratio h p /h s ¼ 0.2. We run all the simulations until the difference in average speeds between two successive periods falls below 5%, at which time the elastic stress field is approximately periodic rsif.royalsocietypublishing.org J. R. Soc. Interface 14: 20170289 in time. The strain energy, elastic stress and viscous stress averages are computed over the entire three-dimensional computational domain.
We validate the model by comparing the swimming velocities from our simulations with the experiments on which the stroke was based. In figure 7 , we plot the experimentally measured swimming velocities for cells swimming in Newtonian fluids of two different viscosities along with the velocities produced by our simulations using strokes fitted from the same datasets. The 'Newtonian stroke' used throughout this paper is based on the data corresponding to viscosity 2.6 cP. In the electronic supplementary material, we show a similar comparison between the experiment and the simulations at De ¼ 2. 
